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  Abstract

We consider a gas of spin-1/2 fermions of mass m  with 
interactions near the unitary limit. In the presence of an applied 
periodic potential of amplitude V  and period aL, and with a 
density of an even integer number of fermions per unit cell, 
there is a second-order quantum phase transition between 
superfluid and insulating ground states at a critical V=Vc. We 
demonstrate that VcmaL

2/ℏ2  is a universal number at unitarity, 
and compute its value at N=  in a model with Sp(2N) spin 
symmetry. The insulating state is neither a band insulator of 
fermions, nor a Mott insulator of bosonic fermion pairs, but 
requires an intermediate description using bosons and fermions 
in multiple bands.

Universality, and large-N expansion

A system of interacting atoms near the unitarity limit can be 
described by different models, such as the popular “one-channel” 
(interacting atoms) and “two-channel” (interacting atoms and 
molecules). These models differ by microscopic details of 
interactions between atoms, but allow access to the same universal 
behavior in the vicinity of a quantum critical point – the zero density 
Feshbach resonance. The universal T=0 phase diagram of a uniform 
interacting fermi gas is a function of chemical potential μ  and 
detuning ν from the Feshbach resonance:

The critical point at μ=ν=T=0 influences the low-density regions of 
the phase diagram and gives rise to universal scaling of free energy 
density in d spatial dimensions:

Perturbation theory is useful for calculating the scaling function FF , 
but requires that the critical interaction coupling be small, which is 
typically true only when d is close to a critical dimension dc (2 or 4, 
depending on model) – then, one obtains an expansion of 
thermodynamic functions in powers of ε=d-dc. A small interaction 
coupling also implies small effects of atom pairing fluctuations. 
However, experiments are (mostly) performed in three spatial 
dimensions, and can approach interesting regimes of strong pairing 
fluctuations near the Feshbach resonance.

Therefore, an important theoretical tool is 1/N  expansion. The 
number of degrees of freedom (particle flavors, or spin orientations) 
is generalized to a large number N, and a small parameter for 
perturbation theory becomes 1/N for any d and interaction strength.

Sp(2N) theory of interacting atoms and molecules in an optical lattice

The Sp(2N) theory is a generalization of the popular “two-channel” model. It describes N  flavors of 
“spin-up” and “spin-down” fermionic atoms ψiσ  (i=1..N, σ=) that can form flavorless and spinless 
diatomic bosonic molecules Φ. The molecule binding energy is controlled by the detuning ν from the 
Feshbach resonance; if ν>0 there is no molecular bound state of two atoms, so that Φ then represents 
Cooper pairs. The imaginary-time action that contains all terms relevant for the universal physics in 
vicinity of the Feshbach resonance is:

The optical lattice potential is given by:

Integrating out the fermionic atom fields gives an effective theory of molecules or Cooper pairs, which 
can be represented using Feynman diagrams:

Each fermion loop (straight lines) contributes a factor of N, so that N appears as an overall factor in the 
effective action. Every external wavy line represents the pair field Φ or Φ†, depending on the direction 
of arrow with respect to vertex, and every vertex is associated with a point in space and time.

1/N expansion

Due to the optical lattice the superfluid order parameter ΦG lives at various reciprocal lattice vectors G. 
The molecule field is the sum of the order parameter and fluctuations: Φ(r) =∑

G
ΦGeiGr+δΦ(r). For 

large N the action Seff∝N becomes large, so that fluctuations δΦ(r) are suppressed; mean-field theory is 
exact in the limit N. Integrating out δΦ(r) can be done perturbatively in the effective theory to find 
1/N corrections to the mean-field theory. The first diagram and the detuning term in Seff define a new 
bare propagator, proportional to 1/N, while all other diagrams define new vertices.

  Universal phase diagram at T=0 – legend for the figures

Top: Contour plot of 2nd order superfluid-insulator phase transition. The dashed contour is at the 
Feshbach resonance, ν=0; spacing between contours is Δν=aL

-1, with contours moving up and 
toward atomic bands (dark) as ν  grows. Light regions become insulating for sufficiently large 
detuning ν, and they are labeled by the closest integer lattice filling (molecules or Cooper pairs per 
site). When superfluidity is destroyed deep on the BCS side (ν>0) one obtains band-insulators, 
while deep on the BEC side (ν>0) one finds Mott insulators. At the resonance, the nature of 
insulators is neither band nor Mott.

Middle:  Phase boundary between superfluid and insulating phases. Superfluid phase is 
underneath the plotted surface. Er=h2/4maL

2 is molecule recoil energy.

Bottom: Critical lattice amplitude as a function of detuning from the Feshbach resonance, at the 
fixed lattice filling, n=1 (one molecule or Cooper pair per site). The critical amplitudes have a 
universal dependence on detuning near unitarity:


